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1. First-order IAS for ADTs



ADTs

ADTs are families of inductive types:

data List (α : Set) : Set where

[] : List α

_∷_ : α → List α → List α

data BinTree (α : Set) : Set where

∅ : BinTree α

_⊗_⊗_ : BinTree α → α → BinTree α → BinTree α

data ℕ : Set where

zero : ℕ

succ : ℕ → ℕ
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Categorical semantics of ADTs

data List (α : Set) : Set where

[] : ⊤ → List α

_∷_ : α → List α → List α

To interpret List A, take the initial algebra 𝜇𝐿𝐴 of:

𝐿𝐴 ∶ Set → Set

𝑋 ↦ 1 + (𝐴 × 𝑋)
where 𝐴 interprets A
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Categorical semantics of ADTs

ADTs are uniform families of inductive types:

data List (α : Set) : Set where
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_∷_ : α → List α → List α

Set [Set, Set]𝜔 Set
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2. Higher-order IAS for ADTs



Categorical semantics of ADTs

ADTs can be seen as inductive families of types:

data List : Set → Set where

[] : ∀ {α} → ⊤ → List α

_∷_ : ∀ {α} → α → List α → List α

Rework the semantics: to interpret the type constructor List, take the initial
algebra 𝜇L of

L ∶ [Set, Set] → [Set, Set]
𝐹 ↦ (𝑋 ↦ 1 + (𝑋 × 𝐹(𝑋))

All is well
𝜇L ≃ 𝜇 ∘ 𝐿.
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Categorical semantics of ADTs

𝜇L can be computed as a colimit of an 𝜔-chain:

0 → L(0) → ⋯ → L𝑛(0) → ⋯

Consequence
When 𝐴 is the set of closed terms of a given type A,

𝜇L(𝐴) ≃ {closed terms of type List A}
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3. IAS for GADTs?



Generalized Algebraic Data Types

GADTs are inductive families of types, with a twist:

data Terms : Set → Set where

nat : ℕ → Terms ℕ

_,_ : ∀ {α β} → Terms α → Terms β → Terms (α × β)

π₁ : ∀ {α β} → Terms (α × β) → Terms α

π₂ : ∀ {α β} → Terms (α × β) → Terms β

data W : Set → Set where

∃ : ∀ {α} → α → W ⊤

data _≡_ : Set → Set → Set where

𝓇 : ∀ {α} → α ≡ α
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Naive categorical semantics of GADTs

data Terms : Set → Set where
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π₁ : ∀ {α β} → Terms (α × β) → Terms α

π₂ : ∀ {α β} → Terms (α × β) → Terms β

To interpret the type constructor Terms, take the initial algebra 𝜇T of:

T ∶ [Set, Set] → [Set, Set]

𝐹 ↦

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝑋 ↦

ℕ if 𝑋 = ℕ, ∅ otherwise

+

∑
𝑋1,𝑋2

𝑋1×𝑋2=𝑋

𝐹(𝑋1) × 𝐹(𝑋2)

+

∑
𝑋2

𝐹(𝑋 × 𝑋2) ??

+

∑
𝑋1

𝐹(𝑋1 × 𝑋) ??

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠



Naive categorical semantics of GADTs

data Terms : Set → Set where

nat : ℕ → Terms ℕ

_,_ : ∀ {α β} → Terms α → Terms β → Terms (α × β)

π₁ : ∀ {α β} → Terms (α × β) → Terms α

π₂ : ∀ {α β} → Terms (α × β) → Terms β

To interpret the type constructor Terms, take the initial algebra 𝜇T of:

T ∶ [Set, Set] → [Set, Set]

𝐹 ↦

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝑋 ↦

ℕ if 𝑋 = ℕ, ∅ otherwise

+

∑
𝑋1,𝑋2

𝑋1×𝑋2=𝑋

𝐹(𝑋1) × 𝐹(𝑋2)

+

∑
𝑋2

𝐹(𝑋 × 𝑋2) ??

+

∑
𝑋1

𝐹(𝑋1 × 𝑋) ??

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠



Naive categorical semantics of GADTs

data Terms : Set → Set where

nat : ℕ → Terms ℕ

_,_ : ∀ {α β} → Terms α → Terms β → Terms (α × β)

π₁ : ∀ {α β} → Terms (α × β) → Terms α

π₂ : ∀ {α β} → Terms (α × β) → Terms β

To interpret the type constructor Terms, take the initial algebra 𝜇T of:

T ∶ [Set, Set] → [Set, Set]

𝐹 ↦

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝑋 ↦ ℕ if 𝑋 = ℕ, ∅ otherwise

+

∑
𝑋1,𝑋2

𝑋1×𝑋2=𝑋

𝐹(𝑋1) × 𝐹(𝑋2)

+

∑
𝑋2

𝐹(𝑋 × 𝑋2) ??

+

∑
𝑋1

𝐹(𝑋1 × 𝑋) ??

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠



Naive categorical semantics of GADTs

data Terms : Set → Set where

nat : ℕ → Terms ℕ

_,_ : ∀ {α β} → Terms α → Terms β → Terms (α × β)

π₁ : ∀ {α β} → Terms (α × β) → Terms α

π₂ : ∀ {α β} → Terms (α × β) → Terms β

To interpret the type constructor Terms, take the initial algebra 𝜇T of:

T ∶ [Set, Set] → [Set, Set]

𝐹 ↦

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝑋 ↦ ℕ if 𝑋 = ℕ, ∅ otherwise

+ ∑
𝑋1,𝑋2

𝑋1×𝑋2=𝑋

𝐹(𝑋1) × 𝐹(𝑋2)

+

∑
𝑋2

𝐹(𝑋 × 𝑋2) ??

+

∑
𝑋1

𝐹(𝑋1 × 𝑋) ??

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠



Naive categorical semantics of GADTs

data Terms : Set → Set where

nat : ℕ → Terms ℕ

_,_ : ∀ {α β} → Terms α → Terms β → Terms (α × β)

π₁ : ∀ {α β} → Terms (α × β) → Terms α

π₂ : ∀ {α β} → Terms (α × β) → Terms β

To interpret the type constructor Terms, take the initial algebra 𝜇T of:

T ∶ [Set, Set] → [Set, Set]

𝐹 ↦

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝑋 ↦ ℕ if 𝑋 = ℕ, ∅ otherwise

+ ∑
𝑋1,𝑋2

𝑋1×𝑋2=𝑋

𝐹(𝑋1) × 𝐹(𝑋2)

+ ∑
𝑋2

𝐹(𝑋 × 𝑋2)

??

+

∑
𝑋1

𝐹(𝑋1 × 𝑋) ??

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠



Naive categorical semantics of GADTs

data Terms : Set → Set where

nat : ℕ → Terms ℕ

_,_ : ∀ {α β} → Terms α → Terms β → Terms (α × β)

π₁ : ∀ {α β} → Terms (α × β) → Terms α

π₂ : ∀ {α β} → Terms (α × β) → Terms β

To interpret the type constructor Terms, take the initial algebra 𝜇T of:

T ∶ [Set, Set] → [Set, Set]

𝐹 ↦

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝑋 ↦ ℕ if 𝑋 = ℕ, ∅ otherwise

+ ∑
𝑋1,𝑋2

𝑋1×𝑋2=𝑋

𝐹(𝑋1) × 𝐹(𝑋2)

+ ∑
𝑋2

𝐹(𝑋 × 𝑋2)

??

+ ∑
𝑋1

𝐹(𝑋1 × 𝑋)

??

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠



Naive categorical semantics of GADTs

data Terms : Set → Set where

nat : ℕ → Terms ℕ

_,_ : ∀ {α β} → Terms α → Terms β → Terms (α × β)

π₁ : ∀ {α β} → Terms (α × β) → Terms α

π₂ : ∀ {α β} → Terms (α × β) → Terms β

To interpret the type constructor Terms, take the initial algebra 𝜇T of:

T ∶ [Set, Set] → [Set, Set]

𝐹 ↦

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝑋 ↦ ℕ if 𝑋 = ℕ, ∅ otherwise

+ ∑
𝑋1,𝑋2

𝑋1×𝑋2=𝑋

𝐹(𝑋1) × 𝐹(𝑋2)

+ ∑
𝑋2

𝐹(𝑋 × 𝑋2) ??

+ ∑
𝑋1

𝐹(𝑋1 × 𝑋) ??

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠



Naive categorical semantics of GADTs

data Terms : Set → Set where

nat : ℕ → Terms ℕ

_,_ : ∀ {α β} → Terms α → Terms β → Terms (α × β)

π₁ : ∀ {α β} → Terms (α × β) → Terms α

π₂ : ∀ {α β} → Terms (α × β) → Terms β

Actually, 𝜇T ∶ Set → Set being a functor is already an issue.

Consider the parity function p: ℕ → 𝔹, interpreted by 𝑝 ∶ ℕ → 𝔹. Because
of 𝜇T(𝑝) ∶ 𝜇T(ℕ) → 𝜇T(𝔹), the interpretation of Terms 𝔹 contains weird
elements...
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Naive categorical semantics of GADTs

Even more striking with

data W : Set → Set where

∃ : ∀ {α} → α → W ⊤

If W is interpreted as the initial algebra 𝜇W ∶ Set → Set of a certainW:

• for each 𝑋 ∈ Set,
∃𝑋 ∶ 𝑋 → 𝜇W(1),

• for each 𝑥 ∶ 1 → 𝑋,

𝜇W(𝑋) ∋ 𝜇W(𝑥)(∃1(∗))

That is, 𝜇W(𝑋) ≠ ∅ whenever 𝑋 ≠ ∅...
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Naive categorical semantics of GADTs

1
∃1⟶ 𝜇W(1)

𝜇W(𝑥)
⟶ 𝜇W(𝑋)

Issue
𝜇W(𝑥) has to make a new element in 𝜇W(𝑋) from ∃1(∗) ∈ 𝜇W(1).

Potential solution
Allowing 𝜇W(𝑥) to be a partial function.
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Less naive categorical semantics of GADTs

PSet: category of sets and partial function between them. So Set ↪ PSet.

Fact
For any compasable functions 𝑓 , 𝑔 in PSet, if 𝑔𝑓 is total, then so is 𝑓.

Idea
Interpret the total functions of the language in Set and “spill” in PSet for partial
functions.
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Less naive categorical semantics of GADTs

But...

data _≡_ : Set → Set → Set where

𝓇 : ∀ {α} → α ≡ α

• _≡_ interpreted as: a set (𝑋 ≡ 𝑌 ) for every sets 𝑋, 𝑌
• 𝓇 interpreted as: a total function 𝓇𝑋 ∶ 1 → (𝑋 ≡ 𝑋) for every set 𝑋

If — ≡ — extends to a functor PSet2 → PSet: for any 𝑥 ∶ 1 → 𝑋,

𝑝𝑥 ∶ 1 1 ≡ 1 (𝑋 ≡ 1)
𝓇1 (𝑥≡id1)
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If — ≡ — extends to a functor PSet2 → PSet: for any 𝑥 ∶ 1 → 𝑋,

𝑝𝑥 ∶ 1 1 ≡ 1 (𝑋 ≡ 1)
𝓇1 (𝑥≡id1)



Less naive categorical semantics of GADTs
trp : ∀ {α β} → α ≡ β → α → β

trp α α 𝓇 x = x

trp⁻¹ : ∀ {α β} → α ≡ β → β → α

trp β β 𝓇 y = y

• trp interpreted as: a total function 𝑡𝑋,𝑌 ∶ (𝑋 ≡ 𝑌) × 𝑋 → 𝑌 for all sets
𝑋, 𝑌

• trp⁻¹ interpreted as: a total function 𝑡−1𝑋 ,𝑌 ∶ (𝑋 ≡ 𝑌) × 𝑌 → 𝑋 for all
sets 𝑋, 𝑌

• (λ p x → trp⁻¹ p (trp p x)) reduces to (λ p x → x):

(𝑋 ≡ 𝑌 ) × 𝑋 (𝑋 ≡ 𝑌) × 𝑌

𝑋
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Less naive categorical semantics of GADTs

Theorem
If GADTs’ interpretations extend to functors, the interpretation of any non-empty
closed type is trivial.

Issue
Functors send sections to sections, but GADTs send sections to partial
injections.
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Lax-functorial semantics of GADTs

In PSet: 𝑓 ≤ 𝑔 if and only ifDom 𝑓 ⊆ Dom 𝑔 is more defined than 𝑓 and
𝑔 �Dom 𝑓 = 𝑓.

Definition
A normal lax functor 𝐺 ∶ PSet → PSet is just like a functor except:

• 𝐺 respects ≤,

• 𝐺(𝑔𝑓 ) ≤ 𝐺(𝑔)𝐺(𝑓 ) instead of 𝐺(𝑔𝑓 ) = 𝐺(𝑔)𝐺(𝑓 ).
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Lax-functorial semantics of GADTs

data Terms : Set → Set where

nat : ℕ → Terms ℕ

_,_ : ∀ {α β} → Terms α → Terms β → Terms (α × β)

⋯

But...

Consider 𝑓 , 𝑔 ∶ ℕ × ℕ → ℕ × ℕ with:

𝑓 (0, 𝑦) = (0, 𝑦), 𝑓 (𝑥 > 0, 𝑦) undefined
𝑔(𝑥, 𝑦) = (𝑥, 𝑥 + 𝑦)

If 𝑇 ∶ PSet → PSet normal lax interprets Terms, then 𝑇 (𝑓 ) ≤ 𝑇 (𝑔).
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Thank you.
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