A cak_f%gn'cc-' a.ccounh g_-'_r

umgw(bion meu\oals N |egic

(Jeint wibh Tomas Jak| ant Nikil Shah)






F&:!t’,rmaq - Vauj)q{’; - Mastousk(' T’corem S

THF:M ’ Bl‘mulﬁﬁh@ﬂ
Ij' o l’\GUL maofc.l €¢T-u‘ue.lend’£v’.
A| E[‘ b; ;e An = &n

EX«Mpleb
)T A B e AiZwB boo:
. A."A,_ Zp B, x B,
° Au"'Anga o+ B‘L
2) The same Jor MO ool coprosacks, bub nob  proctincs
b) CA no/l-e.xow\r'b> I"' A| gm..a, Aq‘gﬁbbz
then nok necesswilyy A+A, Eu B4R,




G«M (.ofnﬂ\aot 5“:\’0\‘0\“9

For & opme comonad. € , we tonsider:

|) A(__?b n R(a_)(!;a o(emo(?eol AEE‘I'G'E and AQB*CB

D) AR in R(®)¢, dencbed A=, B
. C
37 T"‘O'L S a 5""’\ °‘} OTM Fo.uwi':e— emlzda(inﬂs n R((r)

R
R denshed A= B
FA F&

EXAMF'G

For bhe E‘\Mizuc.blb",:r'\is&, OOMMGD{ Ek
l) Corrcl»'ds Yo ec,u\'\n.leru in bhe 3IT 1-4-'« menk o.'l. FO
2) Lontsrdndls to enluimLMce. in FO exterded wi 48 Camlz\’lj
3) Co«esrmo(s b fo eﬂuivq le~ce

All w b quw\la"l-'cr ohpun k.




Game (omomacls cck FVYM  Theowems

In H'u.seH\s. o wb,uw% a-rwmbtu, closses
FvM uewmab+m °+

l) A,-‘z-.g%'B,' .,,'An E;..&"B,, imrlkb Or(A\,...' Aa) EB*\D OF(B"."' Bn)

2.) A| E#G.Bg, vos, A,‘ E#&.‘ B8 :Mfl;&b OFCA\I ooy Aa E# D OP (5|, .o, Bn)

3) A, =¢, B, ..., A, Eca B, :mFl365 OF(A"M' Aa =p OP (5;, 00 B.,)




Comsider binamy H.  T§ A,=g4g B, A =g Ba,
W< Uw. h«v-c me .—Pkismb

A8, and €A, 08,

Asyumine H ;s ‘lw\cl:onal Y -‘wm

J J

H@;‘A., C‘-A’-)Hq_"f;) H (b'l B'—)




Dulm with D4 (leﬁnml)
Asm?ntb a -'»m,-J v-l— v}orrkm,ow Can 'vtw\ Ue mfos-l;e .

N AL [
DH(A,AL) =5 H(CA,T,A) LU AD

end o

H(A, Ad) 534 D H (3., B,_)



TLL (svm, 331- omd. EB"' FVM Tkzoran

Theorem IIL2. Ler C,...,C,, and D be comonads on
categories Cy,...,Cy,, and D respectively, and

H:Cix---xC,—7D

a functor. If for every Ay € obj(C1), ..., An € 0bj(Cy,) there
exists a morphism

D(H(A1, ..., Ap)) =8 H(Cy(A1),...,Cn(4,)) @)
in D, then
A1 =3+¢, B1, ..., Ap S3+¢, Bn
implies

H(Ai1,...,A,) =3+p H(B1, ..., By)

The same result holds when replacing = 3+¢c with =3+¢.



Deﬂ,t'ﬂ% with Mﬁ =g

Aswm-‘nj AE#Q:B, bee are m»flvaansz

an'.olq e Mubm"\j novve in He Hﬁ%‘t L«keaub o} C.

Conbinwin {-«N\ ke ﬁ%mrkms usesl 19» =3+, woulsl
|ike Kobc.nfw‘bt.b*
H

b KA HAH® Ko ot DHBE = Heo 12 Ha

cue mul:wa‘b Muwe in e k,\e.isk m‘zﬂu} o)— D.



Dealc‘n% thn Mﬂ E#

(H(9) ko) (H(}) Kku)
=( de 34\3'::0"\>

ORI CIOTNY
I

) H(;)‘ H(4*) - xa Sueoets buo qx:ms: .
= ( .'-m’tcﬁaktca) l) :2?: (H(‘})'KA) = H(_,_ ) KA
H(‘)"}*)' Ka 1) €a" Ka = €y

< (de.\a’m?t\'ﬁ'\)
H(%'-]-') * Ka

= { a”umrbiﬂ>
Ea Ka

=< 17
&H(A)



Du‘.’ﬁ uia'\ W’lﬂ Eg kletsl: Lows

Tlc. ARiOMS o©on te Fmﬁoua sl;‘olb ove u,uivqlc—v\(? ko ruiuirinv
DHE =2 H(CA)

ovskibute a klesli law. These Lom.slnv\ol b l{.l-knjsz

C H

T

C D

T ——_

H



Dullqa wibh Sy, Ue aml A%

ﬂ a.uo k'ctsll lm&

Do H => H o]]‘a;
lm;,c.ehwlb correspond to Hbtajs

7Tc —H——>D

‘C,
] T
]JC,—W—-)D



The au\u-ml =, FVM Theorem

Theorem IV.4. Let Cq,...,C,, and D be comonads on cate-
gories Cy,...,C, and D, respectively, and H: [[,C; = D a
functor. If there exists a Kleisli law of type

DOH:>HOH'(C7;

then
Al E#(Cl B1 c ooy An E#@n Bn

implies



F[)k Eo!u?walmw ond, (»Ofraabacb&

Given t.rcms :

R| 2 Rt
N N
FA',// \FB, FB,

FAa

we would l:lrebmsbwcba.srw\
R

L r

F(r+A)  F(BitB,)

&

Pocus : er" of e riahb 5'11-.’» , ijnonnﬁ open rnﬂwls‘ mbealol:nj iSSues




Plan A - Use L__DFM

R(v)E" has (.ormol«elb,so we cen lorm Pe span:

R+ R,
Leanted F(A+A) L+ f/ wn‘,

~ — Wanked F(B,+8B,)

FA,+FA, FB, + FB,

ka-dmu»um\j*om-uembkstuck.

Note

Thare is o comonical map F(A)«F(8) — F(A+B), but this will net

iagmu&lbq,moru qu(.u‘s; e.n( ‘.I*;wewmkwu:s
dmcks, e ms,mdug CooNcul madp wowld B i1

tt;angod:nM. P F




Plan B - Direeb LﬂM@q

De exphicibly consbuct an “interleaving bi -5 (-
This Siclolsﬂ (-} qun: W 3 W ( ()

4,54 Ri5Re ( nom
FAIS FA-'_ Fs' S F&z

S Q
F(N"'Az) F(B.-!- B,,)

Guc—slﬁonb
1) Ohere ik bhis come }rum 2
1) Lhab 15 te 3Muu| ':aH'cm ancl ity scope (4




Bilinear >
Recall im- wdbrsraaé X,Y and £ Ma-}mcb‘wn
h: XxY—Z%
is bilincar if
) VzeX h(x,-) is linear
Y VyeY h(..,-:,) is linear

Abo rcall thee is a bensor produck of veck S
vhich is unive:al inq Una{::r °+ T

litear _mape XY —Z
bilisear m;fs XY — £

Question : Ohere does Bis shruckure come ’c—ﬂ alaslnol?'o:, (4




let © ke a smirina.'l'w i5 o Seb monad Vo with:
-V, (A)({-;.ikcl‘) surfml:at) iomql SUMS o{ the .,-o,-m ;

Z, sia,
s Uit 9le) = a (b bivial sum)

o mulbirl?c«tion :

’ﬂl
L% L 59y B ;%s‘séq‘"
i J

Exqmﬁcb

Vs
“For arbibary S Seb s te ony of S- semimodlules
‘hor a n‘ngﬂj St is the at::?g of .,-R—m:»lubs
‘For a 'l"dd. F %Vp is H‘ (,abcm o-,- F ved:bl‘ 99‘@5
. &bw. is e “%Nb o-)- Abelian moneids
. Se-bvz is Ha ca{'caon:, o-]- Ak"wm ampb




Special Classes of frads

Def

haibions

1) A ssmmlﬁo monvidal “bﬂ% (SMC) is a cabegen, D uibh:
- A unit' ob‘fr—t I
- A bi{-wd)sv @:9xV >V
e flabural isomorphisms:
IeAc=A AeIcA (Aed)oC s Aepec) Aeb = HeA
Subject & sevom) cohernce axioms
2) A shogth for o feckor T:9—9 om on SMC is a nb.

st: A@T(B)—> T(A®B)
Sub; bo cohererce axiows wrk. Be SMC  shucture.
Aé@_&r is a finctor with c‘.sixmsbl«
DA sheng moed is a monaol, (Eq,r-) such that st sabisties
addilio| cohercrce axions wrb. 9 end .



565 mpmodb arc a“ m

L_e_man'tgal ?&M‘q’blﬂ !or L&b,xl_ﬂ,)
For S8t monad T alc«l-me
st: AxTH —> T (AxB)
(a,£) = T (ry-(a,v)(E)

Ex«mgleb
» List monad

(a,[by,..,bad) B [(a/b)),-.., (2, bn)]
. For V?
(a, sti b:) > Zo S: (a,b;)




Cemmuk«kivc Mamdg

Ur.molc-lme, a dual 9B'Mgb\4 st/ ay:
= T(A)eb = BeT(A) —>'lT’(baA) ']T(Ao B)

L)e Con a\m ole,-l-me l;»o onble, 5()"’/:35& m
dst := TA®TH >'|T(1TA05)—>'IT7’[A®B> T (AeB)

dst':= TAGTE 5 T(ASTE) T (A0 B) LT (A2 B)
A monad s commutabive |1- dst = dst’




Lomnuh.kvibq 4?: Geb Monads

List
~dob (80, To e )= (00D (01, (5 (A, b))

dst/(fay,--,aa],[by,-, b)) :=[(@y5 ), ., (a1, ba),..., (an,by), .., (an, ba)]
Se list is ﬁ wmmu tative.

e
dsb(z. Szat,z_. "3"5) = Z.l ry 5i (ai,by)
¢ d )
elst,'(z‘,SIOli, f},rﬁ:&) i Z siry (ai,by)
S V* is commulalive rH- S.J has o commutative Muthkcabe

&ebm? ¢ Inbuibion

A Gb monad. pr ted b 'E is commubabive i all the opml:'ov\s
in 2. o hmoxo:;\:"ﬂb '-4'7?- (eﬂzick 2#@1— This is unrelabed to commubabiviky
in the sersee a+b =bia




&lim:(::. Absbrcbly | l:'mllgg'. )
ﬁ:moréisms
For a commubabive monac, T, ad aloe'braé (A,), LBIP), (9 ))

we say Beb h- Aol —C is bilinecr or o bimerchisny i-l-
u-c P ow?lla al‘njm-—\ Commuhst '

(k)

TAe TB 22> (AeB) —TC
uopl 1, 5
A®B i >»C

Exumpl&&

- For vechor spaces or (semi) modules over . commmbative (m‘)ﬁ-ﬂ
Bris i be uswal nobion of Lil:na.rﬂ:%.

* For Abelion mendids or groups this 15 the umal nobiow ot
bimorphism.




Some Standard resulbs

Classical Results o} Kok (See also Jacoks Scalz

I-I— Tis a t—onnubo.L‘in moned
) The SMC sbnichere li-'—b o a sbucbe &y on O
such bhab:
A®B = A®yB (on objechs)
DL OF has wequalizes o} rdlexive pairs bhe SMC
e T o7 w ¥ ool
i) F())E'F(B) = F(A®B)
i) The bersor is wiversa| in Bl

bimer hism (e, P) —>Y

mrplniwb ®" P — Y




Back Eo I%ic.
wpecbion ® such Hab:

Wlu‘sina :j- e hae o LI«U
D) Y8 Tmduces o SAC shuchue on R(e)
Q&mi&msbq aﬂr«]orwmo.}mkmsbd:k
3 Ow u::wnnl i5 com ive
1) R(e)™ hes equalimrs «>-|— m’-\cx'cvc peirs
Then -

l) In R(_f)q;‘c -jQ {

19ee 1
(j,: A— B.,-j,_=A,—>b,> P A@A = AQA, —>B.&, B, = &8,

® presowes & o & WM Rl g,

2) In RE™ e
2 R~ M 6. Ry Ri® R
< = >
( FA, \'FB, ’ Fk,/ \’Fe-. ) FAO“FA, \Fs,ebc" F&,
o)) S
F(A®AL) F(&,@&,}

,A)c [7-7 CMSquct SFN\$ O-I- I:La nal'\b Si\afe, +~" too Sbkc,, GT.?vql'/m



Dorst Talk Ever!

Tlv\b Las Wul-c.l: V\clnruLnelmtno\
ole need b idebiln and Uihy rwoilal sbucture
-Uemw(.bb‘“kb cnd von asl:msﬁ—.suo‘a
Bt o LOMMGOL S th\a& Cx
"L)gnuo‘..bwfba';!a,’lnka-LLMO‘L'b'\wR(")

Eve. ben:
“: Ue co only oleal wibth B\mno o‘:emhofg

o Ve k oith a S basce 4..!;,.,3,,‘3 (szomkwe.>
o e ::: cnpb u:':k wu'u‘l « 9:3: Cmc\ol (bjo)

Queshions

[ Hou Mudq ° u«‘( o‘o we rﬂ'«" neeaL Z
P P

Hoco ieu‘am.wt 3«0\[{3«:%




!z:“fag aopin ob b‘”ﬁw

For o Jndor H: C—2D, morads $:C—C od T: DD,
$-alygbra (A,K) ard T-algebm. (B,p), ond A: HEA—THA,
h: HA)—B s « B'mor'pktsm it

A Th Nete
HSA _)THA_>TB LTml«- noqssmrhﬂ’
I-lu.l 175 on A such as nabumliby
HA ’5 qk H\‘:s rﬂhb

Note

Despite a in , this ralk, does hee He prvicus




) I+ D' has coequaliters of reflenve pairs bec ensts an alaebra
) B0 such that oe »m’fsz;\fhw"”

Bimorphisms ot —> B
Morphisms ﬁ«.—)ﬁ

DI} pethomore Az HHPA—I THA 15 nabural in A, ten H extonds
bo & jwctor C¥— DT

L dse A s«btsi-zes-.

H1>,A\L©>‘IIHA H$A Lﬂn-wA &)WfA
Hy Ny 1 Hel @ p
* HA HlSA > THA

A A
Then  HF(A)Z FH(A).



Back to [%ic gec_zg

Ve rew h He follow H
1)';'.-} eru”s "’Mi:br‘a)pmtraj& is o Kleisli-lac
A:HC, =D, R ben

i) H preseves pand e-,uiwb\w
i) H presenes Klesh isomorpiom equimlexe
DI} D has eqwlizes of mflexive paics
bhea H proseves Spons o.' tle requrcel shafo.

Note
These resully cover n-cry opembions mwlving
az;\ﬁeb andl

S.




le Man B\Gorm

uf b mbtrodickon a'- a suibable -,-acbdsqkoa ‘aﬂsken.'

Some AW koo GL“& ':au\sl and. o~e- WD Go'\dcb‘m

(57.') n'ukna all e :
Theorem V.13. Let Cq,...,C,, and D be comonads on cate-
gories Cy,...,Cy and D, respectively, and H: [[,C; — D a

functor which preserves embeddings. If there exists a Kleisli
law of type

DoH = Ho Hl (®F
satisfying (S2°), then
Ay =c, By, ..., An =c, Bn
implies

H(Al,...,An) =D H(Bl,,Bn)



Theorem VI1.4. If C preserves embeddings and if for any sur-
jective morphism of coalgebras (A,a) — (B, ) in EM(C),
if (A,«) is a path then so is (B, [3), then

Ay =c Ay and B1 =¢ B

implies A1 X Ay =¢ B X By



