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Monadic Second Order Logic

a c b c a c b a c a c

• words as relational structures:



• examples:

8x.Qa(x) ) 9y.x < y ^Qc(y)

9X.(8x 9y y  x ^ y 2 X) ^
(8x 9y y � x ^ y 2 X) ^
(8x 8y (x < y ^ ¬(9z x < z < y)) ) (x 2 X , y 62 X)).
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We have just shown:

The class of languages 
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- boolean combinations
- inverse images along homomorphisms,
- direct images along (surjective)

letter-to-letter homomorphisms.

Does this work for other structures?
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T
T⌘ks

T

<latexit sha1_base64="jKUAxjm9KiD7RPv6wVsxjHckGbQ="></latexit>

TTT
µT +3

Tµ

↵◆

TT

µ

↵◆
TT µ

+3 T
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Monads

<latexit sha1_base64="3EKXUxaofFv0X78hWsOkWWzPjh4="></latexit>

T : Set ! Set
<latexit sha1_base64="xXAXvFqQQKSRa1hyzVic7G9xWfA="></latexit>

⌘ : Id ) T
<latexit sha1_base64="bY3zhZcY7MQ4G83246lpLOXNvOk="></latexit>

µ : TT ) T
<latexit sha1_base64="68aMM72UNlBSk9jGOOHYub+LcpI="></latexit>

T
⌘T +3 TT

µ

✏✏

T
T⌘ks

T

<latexit sha1_base64="jKUAxjm9KiD7RPv6wVsxjHckGbQ="></latexit>

TTT
µT +3

Tµ

↵◆

TT

µ

↵◆
TT µ

+3 T

Algebras:
<latexit sha1_base64="zlAnNsjpMCAcywe21uhpLxTvQDg="></latexit>

a : TA ! A
<latexit sha1_base64="t2UXGANh+EnD94kpOyy/ECRxHDc="></latexit>

A
⌘A // TA

a

✏✏
A

<latexit sha1_base64="n7hNT9hMr43/+3zgFHIGPEx6gkI="></latexit>

TTA
µA //

Ta
✏✏

TA

a

✏✏
TA a

// A
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Monads

<latexit sha1_base64="3EKXUxaofFv0X78hWsOkWWzPjh4="></latexit>

T : Set ! Set
<latexit sha1_base64="xXAXvFqQQKSRa1hyzVic7G9xWfA="></latexit>

⌘ : Id ) T
<latexit sha1_base64="bY3zhZcY7MQ4G83246lpLOXNvOk="></latexit>

µ : TT ) T
<latexit sha1_base64="68aMM72UNlBSk9jGOOHYub+LcpI="></latexit>

T
⌘T +3 TT

µ

✏✏

T
T⌘ks

T

<latexit sha1_base64="jKUAxjm9KiD7RPv6wVsxjHckGbQ="></latexit>

TTT
µT +3

Tµ

↵◆

TT

µ

↵◆
TT µ

+3 T

Algebras:
<latexit sha1_base64="zlAnNsjpMCAcywe21uhpLxTvQDg="></latexit>

a : TA ! A
<latexit sha1_base64="t2UXGANh+EnD94kpOyy/ECRxHDc="></latexit>

A
⌘A // TA

a

✏✏
A

<latexit sha1_base64="n7hNT9hMr43/+3zgFHIGPEx6gkI="></latexit>

TTA
µA //

Ta
✏✏

TA

a

✏✏
TA a

// A

homomorphisms:
<latexit sha1_base64="3bpSKo0xVoBulhZvxG5SADlDJ8Y="></latexit>

TA
Th //

a

✏✏

TB

b
✏✏

TA
h
// TB
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Examples

1. The list monad 

TX = X⇤ Tf(x1 · · ·xn) = f(x1) · · · f(xn)

⌘X(x) = x µX(w1w2 · · ·wn) = w_
1 w_

2 · · ·_ wn

algebras = monoids
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Examples

1. The list monad 

TX = X⇤ Tf(x1 · · ·xn) = f(x1) · · · f(xn)

⌘X(x) = x µX(w1w2 · · ·wn) = w_
1 w_

2 · · ·_ wn

2. The powerset monad 

TX = PX Tf =
�!
f

⌘X(x) = {x} µX(�) =
[

�

algebras = semilattices

algebras = monoids
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Examples ctd.

3, 4, 5, ... : term monads 
For an equational presentation            , put:(⌃, E)

TX = -terms over     modulo the equations⌃ X

Tf - variable substitution    
⌘ - variables as terms   

µ - term flattening

algebras = (as expected)
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Recognising languages with algebras

Fact:                              is always a    -algebra.µX : TTX ! TX T



SmP,  04/07/22

Recognising languages with algebras

Fact:                              is always a    -algebra.µX : TTX ! TX T

TT⌃
Th //

µX

✏✏

TM

m

✏✏
T⌃

h
// M

L A

✓ ✓
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Fact:                              is always a    -algebra.µX : TTX ! TX T

TT⌃
Th //

µX

✏✏

TM

m

✏✏
T⌃

h
// M

L A

✓ ✓

finite
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Recognising languages with algebras

Fact:                              is always a    -algebra.µX : TTX ! TX T

TT⌃
Th //

µX

✏✏

TM

m

✏✏
T⌃

h
// M

L A

✓ ✓ �
h (A) =

finite
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Recognising languages with algebras

Fact:                              is always a    -algebra.µX : TTX ! TX T

TT⌃
Th //

µX

✏✏

TM

m

✏✏
T⌃

h
// M

L A

✓ ✓ �
h (A) =

language recognized by    h

finite
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What we want to talk about

The class of languages 
recognized by finite algebras
is closed under:

- boolean combinations
- inverse images along homomorphisms,
- direct images along (surjective)

letter-to-letter homomorphisms.
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Counterexample

Let     be the list monad quotiented by:  
x · x · x = x · x

T

W

A language               corresponds to     L ✓ T⌃

a language              closed under     L ✓ ⌃⇤ W
(in the sense of (sub)word rewriting) 

A    -algebra is a monoid that satisfies  WT

Fact:              is recognizable iffL ✓ T⌃
(the corresponding)             isL ✓ ⌃⇤

regular and closed under      .   W
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Counterexample ctd.

For                     and                        , let� = {a, b, c} ⌃ = � [ {0, 1}
L = �⇤0�⇤1 ✓ ⌃⇤

So:     is    -recognizable. L T

Put                     and                  s.t.                .     � = � [ {0} h : ⌃ ! � h(1) = 0

Fact:           is not regular, so not    -recognizable. 
�!
Th(L) T

Fact:    is closed under     .     L W

Then            is the      -closure of 
�!
Th(L) �⇤0�⇤0 ✓ �⇤W
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- all naturality squares for    and 
T

T

⌘ µ
are weak pullbacks.
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A sufficient condition

Def.: a monad     is weakly Cartesian 
if:   -     preserves weak pullbacks

- all naturality squares for    and 
T

T

⌘ µ
are weak pullbacks.

weak pullback:
for all            ,            s.t.x 2 X y 2 Y f(x) = g(y)

there is            s.t.                , p 2 P

P
h //

k
✏✏

X

f

✏✏
Y g

// Z
h(p) = x k(p) = y



SmP,  04/07/22

A sufficient condition

Def.: a monad     is weakly Cartesian 
if:   -     preserves weak pullbacks

- all naturality squares for    and 
T

T

⌘ µ
are weak pullbacks.

weak pullback:
for all            ,            s.t.x 2 X y 2 Y f(x) = g(y)

there is            s.t.                , p 2 P

P
h //

k
✏✏

X

f

✏✏
Y g

// Z
h(p) = x k(p) = y

E.g. for    :⌘ X
⌘X //

f

✏✏

TX

Tf

✏✏
Y ⌘Y

// TY

“a non-unit element never becomes
  a unit element after a substitution”
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x · (y · z) = (x · y) · z
x · y = y · x
x · x = x

x · x�1 = e

the powerset construction works.
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A sufficient condition

Fact: For weakly Cartesian monads, 

Examples:
- any monad presented by linear regular equations:

x · (y · z) = (x · y) · z
x · y = y · x
x · x = x

x · x�1 = e

-     presented by a binary operation with:T

x · (x · y) = x · y

the powerset construction works.
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Beyond powerset

  : one binary operation, modulo one equation
z · (x · (x · y)) = z · (x · y)

<latexit sha1_base64="xi1cVHHTU02LCfJoaqwSpGC4mwo=">AAACJHicbVDLSgNBEJz1bXzr0ctiEDyFXRH1KHrxqGBUSBbpne0kg/NYZnqNYdkv8Kq/4Nd4Ew9e/BYnMQdfBTMUVd09PZXmUjiKovdgYnJqemZ2br62sLi0vLK6tn7pTGE5NrmRxl6n4FAKjU0SJPE6twgqlXiV3p4M/as7tE4YfUGDHBMFXS06ggN56fziZrUeNaIRwr8kHpM6G+PsZi1YameGFwo1cQnOteIop6QES4JLrGrtwmEO/Ba62PJUg0KXlKNNq3DbK1nYMdYfTeFI/d5RgnJuoFJfqYB67rc3FP/zWgV1DpNS6Lwg1PzroU4hQzLh8NthJixykgNPgFvhdw15Dyxw8uH8mARSJuX9oKrV2hr73CgFOivbRKbyd9/0EDIruj0Ca02/8gHGv+P6Sy53G/F+Iz7fqx8dj6OcY5tsi+2wmB2wI3bKzliTcYbsgT2yp+A5eAleg7ev0olg3LPBfiD4+AQClaVj</latexit>

T
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Beyond powerset

  : one binary operation, modulo one equation
z · (x · (x · y)) = z · (x · y)

• let              be recognized by          
• take g : ⌃ ! �

<latexit sha1_base64="tJCVhQXn3/RhcUroPpjywoCmgSk="></latexit>

L ✓ T⌃
<latexit sha1_base64="Z9jhV0G7bvOsg5gtKiK7x+98yic="></latexit>

h : T⌃ ! A

<latexit sha1_base64="xi1cVHHTU02LCfJoaqwSpGC4mwo=">AAACJHicbVDLSgNBEJz1bXzr0ctiEDyFXRH1KHrxqGBUSBbpne0kg/NYZnqNYdkv8Kq/4Nd4Ew9e/BYnMQdfBTMUVd09PZXmUjiKovdgYnJqemZ2br62sLi0vLK6tn7pTGE5NrmRxl6n4FAKjU0SJPE6twgqlXiV3p4M/as7tE4YfUGDHBMFXS06ggN56fziZrUeNaIRwr8kHpM6G+PsZi1YameGFwo1cQnOteIop6QES4JLrGrtwmEO/Ba62PJUg0KXlKNNq3DbK1nYMdYfTeFI/d5RgnJuoFJfqYB67rc3FP/zWgV1DpNS6Lwg1PzroU4hQzLh8NthJixykgNPgFvhdw15Dyxw8uH8mARSJuX9oKrV2hr73CgFOivbRKbyd9/0EDIruj0Ca02/8gHGv+P6Sy53G/F+Iz7fqx8dj6OcY5tsi+2wmB2wI3bKzliTcYbsgT2yp+A5eAleg7ev0olg3LPBfiD4+AQClaVj</latexit>

T



SmP,  04/07/22

Beyond powerset

  : one binary operation, modulo one equation
z · (x · (x · y)) = z · (x · y)

• let              be recognized by          
• take g : ⌃ ! �

<latexit sha1_base64="tJCVhQXn3/RhcUroPpjywoCmgSk="></latexit>

L ✓ T⌃
<latexit sha1_base64="Z9jhV0G7bvOsg5gtKiK7x+98yic="></latexit>

h : T⌃ ! A

<latexit sha1_base64="xi1cVHHTU02LCfJoaqwSpGC4mwo=">AAACJHicbVDLSgNBEJz1bXzr0ctiEDyFXRH1KHrxqGBUSBbpne0kg/NYZnqNYdkv8Kq/4Nd4Ew9e/BYnMQdfBTMUVd09PZXmUjiKovdgYnJqemZ2br62sLi0vLK6tn7pTGE5NrmRxl6n4FAKjU0SJPE6twgqlXiV3p4M/as7tE4YfUGDHBMFXS06ggN56fziZrUeNaIRwr8kHpM6G+PsZi1YameGFwo1cQnOteIop6QES4JLrGrtwmEO/Ba62PJUg0KXlKNNq3DbK1nYMdYfTeFI/d5RgnJuoFJfqYB67rc3FP/zWgV1DpNS6Lwg1PzroU4hQzLh8NthJixykgNPgFvhdw15Dyxw8uH8mARSJuX9oKrV2hr73CgFOivbRKbyd9/0EDIruj0Ca02/8gHGv+P6Sy53G/F+Iz7fqx8dj6OcY5tsi+2wmB2wI3bKzliTcYbsgT2yp+A5eAleg7ev0olg3LPBfiD4+AQClaVj</latexit>

T

• define a    -algebra on           :  
<latexit sha1_base64="xi1cVHHTU02LCfJoaqwSpGC4mwo=">AAACJHicbVDLSgNBEJz1bXzr0ctiEDyFXRH1KHrxqGBUSBbpne0kg/NYZnqNYdkv8Kq/4Nd4Ew9e/BYnMQdfBTMUVd09PZXmUjiKovdgYnJqemZ2br62sLi0vLK6tn7pTGE5NrmRxl6n4FAKjU0SJPE6twgqlXiV3p4M/as7tE4YfUGDHBMFXS06ggN56fziZrUeNaIRwr8kHpM6G+PsZi1YameGFwo1cQnOteIop6QES4JLrGrtwmEO/Ba62PJUg0KXlKNNq3DbK1nYMdYfTeFI/d5RgnJuoFJfqYB67rc3FP/zWgV1DpNS6Lwg1PzroU4hQzLh8NthJixykgNPgFvhdw15Dyxw8uH8mARSJuX9oKrV2hr73CgFOivbRKbyd9/0EDIruj0Ca02/8gHGv+P6Sy53G/F+Iz7fqx8dj6OcY5tsi+2wmB2wI3bKzliTcYbsgT2yp+A5eAleg7ev0olg3LPBfiD4+AQClaVj</latexit>

T
<latexit sha1_base64="0JldfAoyVcoic6rBXklPJTBX5es="></latexit>

(PA)2

<latexit sha1_base64="1YSAZmlXcCjgsGfBMsPCty0NfKM="></latexit>

(↵L,↵R) · (�L,�R) =
�
{a · b | a 2 ↵L, b 2 �R},
{a1 · (a2 · (· · · (an · b) · ·)) | n � 1, ai 2 ↵L, b 2 �R}

�
,
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(PA)2

<latexit sha1_base64="1YSAZmlXcCjgsGfBMsPCty0NfKM="></latexit>

(↵L,↵R) · (�L,�R) =
�
{a · b | a 2 ↵L, b 2 �R},
{a1 · (a2 · (· · · (an · b) · ·)) | n � 1, ai 2 ↵L, b 2 �R}

�
,

• ...
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Beyond powerset

  : one binary operation, modulo one equation
z · (x · (x · y)) = z · (x · y)

• let              be recognized by          
• take g : ⌃ ! �

<latexit sha1_base64="tJCVhQXn3/RhcUroPpjywoCmgSk="></latexit>

L ✓ T⌃
<latexit sha1_base64="Z9jhV0G7bvOsg5gtKiK7x+98yic="></latexit>

h : T⌃ ! A

<latexit sha1_base64="xi1cVHHTU02LCfJoaqwSpGC4mwo=">AAACJHicbVDLSgNBEJz1bXzr0ctiEDyFXRH1KHrxqGBUSBbpne0kg/NYZnqNYdkv8Kq/4Nd4Ew9e/BYnMQdfBTMUVd09PZXmUjiKovdgYnJqemZ2br62sLi0vLK6tn7pTGE5NrmRxl6n4FAKjU0SJPE6twgqlXiV3p4M/as7tE4YfUGDHBMFXS06ggN56fziZrUeNaIRwr8kHpM6G+PsZi1YameGFwo1cQnOteIop6QES4JLrGrtwmEO/Ba62PJUg0KXlKNNq3DbK1nYMdYfTeFI/d5RgnJuoFJfqYB67rc3FP/zWgV1DpNS6Lwg1PzroU4hQzLh8NthJixykgNPgFvhdw15Dyxw8uH8mARSJuX9oKrV2hr73CgFOivbRKbyd9/0EDIruj0Ca02/8gHGv+P6Sy53G/F+Iz7fqx8dj6OcY5tsi+2wmB2wI3bKzliTcYbsgT2yp+A5eAleg7ev0olg3LPBfiD4+AQClaVj</latexit>

T

• define a    -algebra on           :  
<latexit sha1_base64="xi1cVHHTU02LCfJoaqwSpGC4mwo=">AAACJHicbVDLSgNBEJz1bXzr0ctiEDyFXRH1KHrxqGBUSBbpne0kg/NYZnqNYdkv8Kq/4Nd4Ew9e/BYnMQdfBTMUVd09PZXmUjiKovdgYnJqemZ2br62sLi0vLK6tn7pTGE5NrmRxl6n4FAKjU0SJPE6twgqlXiV3p4M/as7tE4YfUGDHBMFXS06ggN56fziZrUeNaIRwr8kHpM6G+PsZi1YameGFwo1cQnOteIop6QES4JLrGrtwmEO/Ba62PJUg0KXlKNNq3DbK1nYMdYfTeFI/d5RgnJuoFJfqYB67rc3FP/zWgV1DpNS6Lwg1PzroU4hQzLh8NthJixykgNPgFvhdw15Dyxw8uH8mARSJuX9oKrV2hr73CgFOivbRKbyd9/0EDIruj0Ca02/8gHGv+P6Sy53G/F+Iz7fqx8dj6OcY5tsi+2wmB2wI3bKzliTcYbsgT2yp+A5eAleg7ev0olg3LPBfiD4+AQClaVj</latexit>

T
<latexit sha1_base64="0JldfAoyVcoic6rBXklPJTBX5es="></latexit>

(PA)2

<latexit sha1_base64="1YSAZmlXcCjgsGfBMsPCty0NfKM="></latexit>

(↵L,↵R) · (�L,�R) =
�
{a · b | a 2 ↵L, b 2 �R},
{a1 · (a2 · (· · · (an · b) · ·)) | n � 1, ai 2 ↵L, b 2 �R}

�
,

• ...

A generalised powerset construction?
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Sufficient condition II

Def.: a monad is Malcevian 
if it admits (an eq. presentation with)
a ternary term               such thatt(x, y, z)

t(x, x, y) = y = t(y, x, x)
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Sufficient condition II

Def.: a monad is Malcevian 
if it admits (an eq. presentation with)
a ternary term               such thatt(x, y, z)

t(x, x, y) = y = t(y, x, x)

Fact: Malcevian monads are MSO. 
Examples:

- groups                                  t(x, y, z) = xy�1z

- Boolean algebras
t(x, y, z) = (x ^ z) _ (x ^ ¬y ^ ¬z) _ (¬x ^ ¬y ^ z)

- Heyting algebras
t(x, y, z) = ((x ! y) ! z) ^ ((z ! y) ! z) ^ (x _ z)
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1. Monoids with x3 = x2
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Counterexamples

1. Monoids with x3 = x2

2. The “marked words” monad:

TX = {(�, w) | � : X ! N, w 2 X⇤, �  w}

3. The “balanced associativity” monad:
a binary operation with

x · (y · x) = (x · y) · x

4. The “almost Mal’cevian” monad:
a ternary operation with

o(x, x, y) = o(y, x, x)
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The landscape of monads

MSO monads x3 = x2

X⇤
X1
X⇧ Xc

P

Pfin

X+

BA X+1

Grp

AbGrp

HA

NX

x2 = x

(xy)x = x(yx)

NX X⇤

DL

o(x, x, y) = o(y, x, x)

X!

Lat

x(xy) = xy

z(x(xy)) = z(xy)

preserve finiteness

Mal’cevian weakly Cartesian

<latexit sha1_base64="Y4C+mh/t7YVHSPvZZbrNnH27ntY="></latexit>

Id

<latexit sha1_base64="q4heYuiVwLqfO+Ds+3/4yvpxcMs="></latexit>D


